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THE BOHR OPERATOR ON ANALYTIC FUNCTIONS
AND SECTIONS
YUSUF ABU MUHANNA, ROSIHAN M. ALI, AND SEE KEONG LEE
Abstract. For f(z) =
∑
∞
n=0
anz
n and a fixed z in the unit disk, |z| = r, the Bohr
operator Mr is given by
Mr(f) =
∞∑
n=0
|an||z
n| =
∞∑
n=0
|an|r
n.
This papers develops normed theoretic approaches onMr. Using earlier results of Bohr
and Rogosinski, the following results are readily established: if f(z) =
∑
∞
n=0
anz
n is
subordinate (or quasi-subordinate) to h(z) =
∑
∞
n=0
bnz
n in the unit disk, then
Mr(f) ≤Mr(h), 0 ≤ r ≤ 1/3,
that is,
∞∑
n=0
|an| |z|
n ≤
∞∑
n=0
|bn| |z|
n, 0 ≤ |z| ≤ 1/3.
Further, each k-th section sk(f) = a0 + a1z + · · ·+ akz
k satisfies
|sk(f)| ≤ Mr (sk(h)) , 0 ≤ r ≤ 1/2,
and
Mr (sk(f)) ≤Mr(sk(h)), 0 ≤ r ≤ 1/3.
A von Neumann-type inequality is also obtained for the class consisting of Schwarz
functions in the unit disk.
1. Introduction
Let A be the class consisting of analytic functions f(z) =
∑∞
n=0 anz
n in the unit disk
D = {z ∈ C : |z| < 1}. A classical result of Bohr [18] states the following:
Theorem 1 (Bohr’s theorem). If f(z) =
∑∞
n=0 anz
n ∈ A satisfies |f(z)| ≤ 1 for all
z ∈ D, then
(1)
∞∑
n=0
|an||z
n| ≤ 1
for |z| ≤ 1/3, and the constant 1/3 cannot be improved.
Bohr’s initial proof had the majorant bounded by 1/6, which later was improved inde-
pendently by M. Riesz, I. Schur and F. Wiener. The number 1/3 is called the Bohr radius
for analytic bounded functions in the unit disk D.
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It is amazing that this classical result still commands the interest of many. There is a
vast literature related to the Bohr radius found in different areas of mathematics. These
include the works of [1–3,5,11,16], and more recently, in the works of [6,12,13,25,26,29].
There are also studies on the multi-dimensional Bohr radius, see for example, [7,9,15,17,
21, 22], and operator-theoretic Bohr radius, for example in [23, 30, 31]. A recent survey
paper on Bohr’s theorem can be found in [4].
Another notion closely related to the Bohr radius is the Rogosinski radius contained in
the following result of Rogosinski [34].
Theorem 2. If f(z) =
∑∞
n=0 anz
n ∈ A and |f(z)| ≤ 1 for all z ∈ D, then for every
k ∈ N0 = {0, 1, 2, . . . }, each section satisfies
(2) |sk(f)| := |sk(z; f)| =
∣∣∣∣∣
k∑
n=0
anz
n
∣∣∣∣∣ ≤ 1
for |z| ≤ 1/2. The constant 1/2 cannot be improved.
The number 1/2 in the preceding theorem is known as the Rogosinski radius. In
[8,10], Aizenberg et al. extended the Rogosinski phenomenon in several complex variables.
Aizenberg [10] also studied the Rogosinski radius on Hardy spaces and Reinhardt domains.
For more recent advances, see for example [14, 27, 28].
In the following section, the Bohr operatorMr is introduced on Banach algebras. This
normed theoretic approach is expeditiously used to establish existing and new results.
Of particular interest are the recent works of Bhowmik and Das [19, Corollary 3.2] on
subordination, and also of Alkhaleefah et al. [14, Theorem 2.1] on quasi-subordination.
Recall that for two analytic functions f and h in D, f is subordinate to h, written f ≺ h,
if there is a Schwarz function ϕ such that f(z) = h(ϕ(z)) for z ∈ D (see [24]). Here a
Schwarz function is an analytic function ϕ satisfying ϕ(0) = 0 and |ϕ(z)| ≤ 1 in D. If
there also exists an analytic function ψ with |ψ(z)| ≤ 1 in D and f(z) = ψ(z)h(ϕ(z)),
then f is said to be quasi-subordinate to h [24, 32].
We shall establish the following results in this paper: if f(z) =
∑∞
n=0 anz
n is subordinate
(or quasi-subordinate) to h(z) =
∑∞
n=0 bnz
n in D, then
∞∑
n=0
|an| |z|
n ≤
∞∑
n=0
|bn| |z|
n, |z| ≤ 1/3.
Further, each k-th section sk(f) = a0 + a1z + · · ·+ akz
k satisfies∣∣∣∣∣
k∑
n=0
anz
n
∣∣∣∣∣ ≤
k∑
n=0
|bn| |z|
n, |z| ≤ 1/2,
and
k∑
n=0
|an| |z|
n ≤
k∑
n=0
|bn| |z|
n, |z| ≤ 1/3.
A von Neumann-type inequality is also obtained for the class consisting of Schwarz func-
tions in D.
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2. Bohr operator on Banach algebras
For a fixed z in D, let
Fz =
{
f(z) =
∞∑
n=0
anz
n : f ∈ A
}
.
The Bohr operator Mr on Fz, |z| = r, is given by
Mr(f) =
∞∑
n=0
|an||z
n| =
∞∑
n=0
|an|r
n.
The following result is readily established.
Theorem 3. For each fixed z in D, |z| = r, the Bohr operator Mr satisfies
(i) Mr(f) ≥ 0, and Mr(f) = 0 if and only if f ≡ 0,
(ii) Mr(f + g) ≤Mr(f) +Mr(g),
(iii) Mr(αf) = |α|Mr(f), α ∈ C,
(iv) Mr(f · g) ≤Mr(f) · Mr(g),
(v) Mr(1) = 1.
Thus the space Fz with norm Mr constitute a Banach algebra.
Paulsen and Singh [30] have extended Bohr’s theorem to Banach algebras. It is known
[16], however, that not all Banach spaces satisfy a Bohr phenomenon. For a fixed z ∈ D,
let Bz ⊂ Fz be the set
Bz = {φ ∈ Fz : |φ(z)| < 1}.
Then Bz is also a Banach algebra which by Bohr’s theorem, is uniformly bounded whenever
|z| ≤ 1/3.
A Banach algebra B satisfies the von Neumann inequality if for all f ∈ B with ‖f‖ ≤ 1
and any polynomial p, then
(3) ‖p(f(z))‖ ≤ ‖p‖∞.
In [33] (see also [23]), von Neumann showed that the above inequality holds true for the
algebra L(H) of bounded operators on a Hilbert space H . It was also conjectured that
(a) every Banach algebra is isomorphic to L(H),
(b) every Banach algebra satisfies the von Neumann inequality (3).
By considering the Banach algebra l1β of sequences given by
l1β =
{
x = (x1, x2, x3, . . .) :
1
β
∞∑
j=1
|xj | <∞
}
,
Dixon in [23] disproved the conjecture (a) for any 0 < β ≤ 1. By using Bohr’s theorem,
Dixon also showed that l1β satisfies the non-unital von Neumann inequality for 0 < β ≤
1/3, but fails whenever β > 1/3.
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3. The Bohr operator on classes of subordination
In this section, we present our main results. Here is a fundamental result for Mr.
Lemma 1. If ϕ is a Schwarz function, then Mr(ϕ(z)) ≤ |z|, for |z| ≤ 1/3.
Proof. Since |ϕ(z)/z| ≤ 1 in D, Bohr’s theorem readily shows Mr(ϕ(z)/z) ≤ 1 for 0 ≤
r ≤ 1/3. 
The following result on subordination was first proved by Bhowmik and Das in [19,
Corollary 3.2]. We give an alternate proof using the Bohr operator Mr.
Theorem 4. If f ≺ h in D, then
Mr(f) ≤Mr(h), 0 ≤ r ≤ 1/3.
Proof. Let h(z) =
∑∞
n=0 bnz
n. For some Schwarz function ϕ, Theorem 3 and the preceding
lemma give
Mr(f) =Mr(h(ϕ)) =Mr
(
∞∑
n=0
bn
(
ϕ(z)
)n)
≤
∞∑
n=0
|bn|
(
Mr
(
ϕ(z)
))n
≤
∞∑
n=0
|bn||z|
n
for 0 ≤ r ≤ 1/3. Thus
Mr(f) ≤Mr(h). 
Theorem 4 and Theorem 3 give a more general result.
Theorem 5. Suppose the analytic functions f, g and h satisfy f(z) = g(z)h(ϕ(z)), z ∈ D,
for some Schwarz function ϕ. Further suppose that |g(z)| ≤ b for |z| < ρ ≤ 1. Then
Mr(f) ≤ bMr(h),
for 0 ≤ r ≤ ρ/3.
Proof. It follows from Theorem 3 that
Mr(f) ≤Mr(g)Mr
(
h
(
ϕ
))
.
Since g is uniformly bounded by b on Dρ := {z ∈ C : |z| < ρ}, it follows that |g(z)/b| ≤ 1
for all z ∈ Dρ. So for 0 < r ≤ ρ/3, Theorem 1 shows thatMr(g) ≤ b. On the other hand,
Theorem 4 yields Mr(h(ϕ)) ≤Mr(h) for 0 < r ≤ 1/3. Hence
Mr(f) ≤ bMr(h).
for 0 < r ≤ ρ/3. 
Remark 1. Obviously, Theorem 5 reduces to Theorem 4 in the event g is a constant one
function.
Theorem 5 also readily implies the following quasi-subordination result, first established
by Alkhaleefah et al. in [14, Theorem 2.1].
Bohr operator on analytic functions 5
Corollary 1. Suppose f(z) = g(z)h(ϕ(z)) in D, where g and h are analytic, |g(z)| ≤ 1
in D, and ϕ is a Schwarz function. Then
Mr(f) ≤Mr(h)
for 0 ≤ r ≤ 1/3.
The following theorem displays a von Neumann-type inequality (3) for Schwarz func-
tions.
Theorem 6. Suppose h is analytic in D and continuous in D. If 0 ≤ r ≤ 1/3, then
Mr
(
h(ϕ)
)
≤ ‖h‖∞
for every Schwarz function ϕ.
Proof. Let h(z) =
∑∞
n=0 bnz
n. Then Lemma 1 yields
Mr
(
h(ϕ)
)
≤
∞∑
n=0
|bn|
∣∣Mr(ϕ(z))n∣∣ ≤ ∞∑
n=0
|bn| r
n ≤ ‖h‖∞
for 0 ≤ r ≤ 1/3. 
Turning to sections, here is a key result on the k-th section sk(f) = a0+a1z+ · · ·+akz
k.
Lemma 2. Let ϕ be a Schwarz function and k ∈ N0. Then
sup
|z|≤r
∣∣sk(ϕj)∣∣ ≤ |z|j , 0 ≤ r ≤ 1/2.
Further,
Mr
(
sk
(
ϕj
))
≤ |z|j , 0 ≤ r ≤ 1/3.
Proof. Since
∣∣∣(ϕ(z)/z)j∣∣∣ = |ϕ(z)/z|j ≤ 1, Theorem 2 shows that
sup
|z|≤r
∣∣∣∣sk (ϕz
)j∣∣∣∣ ≤ 1
for 0 ≤ r ≤ 1/2. Further, Theorem 1 gives
Mr
((ϕ
z
)j)
≤ 1
for 0 ≤ r ≤ 1/3. Hence
Mr
(
sk
(ϕ
z
)j)
≤Mr
((ϕ
z
)j)
≤ 1,
which implies
Mr
(
sk
(
ϕj
))
≤ |z|j . 
Theorem 7. Suppose f(z) =
∑∞
n=0 anz
n ≺ h(z) =
∑∞
n=0 bnz
n in D. Then for each k-th
section,
|sk(f)| ≤ Mr (sk(h)) , 0 ≤ r ≤ 1/2,
that is, ∣∣a0 + a1z + · · ·+ akzk∣∣ ≤ k∑
n=0
|bn||z|
n, 0 ≤ r ≤ 1/2.
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Proof. Since f ≺ h, it follows that f(z) = h
(
ϕ(z)
)
=
∑∞
n=0 bnϕ
n(z) for some Schwarz
function ϕ. Then
sk
(
f
)
=
k∑
n=0
bnsk
(
ϕn
)
.
By Lemma 2,
|sk
(
f
)
| ≤
k∑
n=0
|bn||sk
(
ϕn
)
| ≤
k∑
n=0
|bn||z|
n =Mr
(
sk(h)
)
whenever |z| ≤ 1/2. 
Note that it follows easily from Theorem 4 that whenever f ≺ h, then
Mr (sk(f)) ≤Mr(f) ≤Mr(h)
for 0 ≤ r < 1/3. Indeed, we show next that Mr (sk(f)) ≤Mr (sk(h)) .
Theorem 8. If f ≺ h in D, then each section satisfies
Mr (sk(f)) ≤Mr(sk(h))
for 0 ≤ r ≤ 1/3.
Proof. Let f(z) = h
(
ϕ(z)
)
=
∑∞
n=0 bnϕ
n(z) for some Schwarz function ϕ. Then
sk
(
f
)
=
k∑
n=0
bnsk
(
ϕn
)
.
By the subadditivity of Mr and Lemma 2,
Mr (sk(f)) ≤
k∑
n=0
|bn|Mr (sk (ϕ
n)) ≤
k∑
n=0
|bn||z|
n =Mr
(
sk(h)
)
. 
Corollary 2. If f(z) =
∑∞
n=0 anz
n ≺ h(z) =
∑∞
n=0 bnz
n, and h is univalent in D, then∣∣∣∣∣
k∑
n=0
anz
n
∣∣∣∣∣ ≤ |b0|+ k(k + 1)2 |b1|
for |z| ≤ 1/2, and
k∑
n=0
|an| |z|
n ≤ |b0|+
k(k + 1)
2
|b1|
for |z| ≤ 1/3.
Proof. By de Branges Theorem [20], it follows that |bn| ≤ n |b1| for n ∈ N. Hence
k∑
n=0
|bn| |z|
n ≤ |b0|+ |b1|
k∑
n=1
n = |b0|+
k(k + 1)
2
|b1| .
The result now readily follows from Theorem 7 and Theorem 8. 
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